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Abstract 
This article presents a Combined Particle-Element Method (CPEM) for high-velocity impact computations.  It includes a description of 
the numerical algorithms, and example computations.  For this new approach the initial mesh is input as solid finite elements, and then it 
is put into a meshless-particle structure in the preprocessor.  The integration points of the original elements are transformed into massless 
stress points, and the nodes from the original elements carry the mass and accept forces from the stresses.  When the equivalent plastic 
strain in a stress point is less than a user-specified value (ecrit) a finite-element algorithm (formulated within a particle structure) is used 
to update the strain rates and strains at the stress point, and to compute forces for the (fixed connectivity) particle nodes.  When the 
equivalent plastic strain in a stress point exceeds ecrit the strain rates are determined from the surrounding neighbor nodes (obtained from 
a search routine) with a Moving Least Squares (MLS) formulation, and the nodal forces are determined from a weak-form formulation. 
With this approach there is a simple transition between the element and particle algorithms.  The advantages are that the lower-strained 
particles (stress points) are computed with a fast and accurate finite-element formulation, and the higher-strained particles are computed 
with a meshless-particle formulation that can handle severe distortions.  Furthermore, the meshless-particle algorithm (with MLS strain 
rates and weak-form forces) is consistent and does not exhibit tensile instabilities.  It is also well-suited for conversion of finite elements 
into variable-connectivity meshless particles because it does not require deletion of elements and addition of particles, as required with the 
existing conversion algorithms that use the Generalized Particle Algorithm (GPA).  Instead it is simply a branch point based on equivalent 
plastic strain.  The basic approach can also be used for the element algorithm only or the particle algorithm only. 
© 2012 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Hypervelocity Impact Society. 
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1. Introduction 
     During the past decade there has been an increase in the development of Lagrangian algorithms for high-velocity impact, 
as various techniques have been developed to handle the high distortions that often result from these impact conditions. 
There has always been a desire to use Lagrangian codes, instead of Eulerian codes, as there is no dispersion of internal 
variables and the interfaces are well defined.  They also require less CPU time and less memory (especially if large voids 
are included in the computation).  The historical problem with Lagrangian codes for these problems is that highly distorted 
elements lead to very small integration time increments, and the computations cannot continue in an efficient manner.  In 
the late eighties two 3D algorithms [1,2] were presented for the automatic erosion of distorted finite elements.  Here, highly-
distorted elements are automatically removed from the computation and the contact interfaces are automatically updated.  
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This allows Lagrangian formulations to be used for very large distortions, although some inaccuracies are introduced when 
the elements are discarded, as they cannot develop any stresses.  The masses can be retained however.         
     Also, in the late eighties, some meshless-particle algorithms began to appear.  These algorithms are Lagrangian (as the 
mass is attached to the particle nodes which move with the material), but large distortions are achieved by allowing the 
particle nodes to have new neighbor nodes as the computation progresses.   An early (particle) NABOR algorithm attempted 
to allow for severe distortions by using variable nodal connectivity, and it also included a link between the NABOR nodes 
and finite elements [3].  Soon after, Libersky and Petschek introduced a Smoothed Particle Hydrodynamics (SPH) algorithm 
that included material strength [4].  This was the beginning of a vast movement of meshless-particle research that was 
prevalent during the nineties.  
     A desirable feature of the SPH algorithms is that all of the cycle-to-cycle variables (mass, position, velocity, stress, 
strain, damage, internal energy, etc.) are carried at the nodes, and this co-location characteristic allows for a relatively 
simple algorithm that can include very large distortions.  Unfortunately, this co-location approach has some problems that 
involve tensile instabilities and a lack of consistency.  Even though the original SPH algorithm has been improved, the 
general co-location approach has some limitations.  It also became evident that the meshless-particle algorithms for high-
velocity impact require considerably more CPU time than finite-element algorithms, at least until the finite elements 
become highly distorted.  This increased CPU time is generally due to the search routines that are required to determine the 
nearest neighbors, and to the greater number of neighboring particles (when compared to nodes per element). 
     An obvious approach is to link the elements and particles such that the elements represent the mildly-distorted material 
and the particles represent the highly-distorted material, with some early applications provided by Johnson and others [3, 5, 
6].  These early applications included predetermining the distribution of particles and elements, as well as automatically 
converting distorted elements into particles.  Since then a Generalized Particle Algorithm (GPA) has been developed [7,8], 
and it has been used together with improved conversion (of elements into particles) algorithms [9,10].   
     A hybrid particle-finite element method is another approach that uses both elements and particles.  This method was 
initially presented by Fahrenthold and Horban [11], and it has undergone additional development by Fahrenthold and others 
since then [12].  This hybrid algorithm computes the compressive pressure at the nodes (particles), with the strength and 
tensile pressure computed in the elements.  This approach allows large distortions and fragmentation to be represented, it 
eliminates tensile instabilities in the particles, and it allows the contact to be performed within the particle algorithm.  
Another approach for a hybrid algorithm was recently presented by the authors [13], and it was determined that there are 
both advantages and disadvantages for the conversion and hybrid algorithms. 
     In 2000 Randles and Libersky [14] presented an algorithm that introduced (massless) stress points, together with velocity 
points (that include mass), and this algorithm exhibited consistency and did not develop tensile instabilities.  Their 
formulation included stress points on the outer boundaries, and a Moving Least Squares (MLS) determination of the strain 
rates (spatial derivatives of the velocity fields) and the forces (spatial derivatives of the stress fields) from the strong form.  
Unfortunately, it was not possible to develop a robust interface algorithm with this approach, and it could not be used for a 
wide range of high-velocity impact problems.  More recently, Li et al [15] presented an Optimal Transportation Meshfree 
(OTM) method that is also based on material points and nodal points.  Here the nodal forces are determined from a weak-
form formulation and the algorithm appears to be more robust.  This article presents a Combined Particle-Element Method 
(CPEM) that is based on some of the concepts in these aforementioned articles [8,14,15].  The algorithm is incorporated into 
the EPIC code [16].   
2. Description of the Combined Particle-Element Method (CPEM) 
     For this new approach the initial mesh is input as solid finite elements (constant stress), and then it is put into a meshless-
particle structure in the preprocessor.  Triangular and quadrilateral elements can be used for 2D geometry, and tetrahedral 
and hexahedral elements can be used for 3D geometry.  The integration points of the original elements are transformed into 
massless stress points, and the nodes from the original elements carry the mass and accept forces from the stresses.  The 
structure is based only on a particle structure, however, with the stress point being a particle that initially has a fixed number 
of neighbor (particle) mass nodes.   In contrast, the existing GPA and SPH algorithms carry all of the variables on all of the 
nodes [7].   
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     When the equivalent plastic strain in a stress point is less than a user-specified value (ecrit) a finite-element algorithm 
(formulated within a particle structure) is used to update the strain rates and strains at the stress point, and to compute forces 
for the (fixed connectivity) particle nodes.  When the equivalent plastic strain in a stress point exceeds ecrit the stress point is 
said to be converted (from an element formulation to a meshless particle formulation), which indicates the strain rates are 
determined from the surrounding neighbor nodes (obtained from a search routine) with a Moving Least Squares (MLS) 
formulation [14], and the nodal forces are determined from a weak-form formulation [17].  This approach provides a simple 
transition between the element and particle algorithms.  If ecrit is very large the entire computation uses an element 
formulation and if  ecrit = 0 the entire computation uses a particle formulation.  
     The advantages of such an approach are that the lower-strained particles (stress points) are computed with a fast and 
accurate finite-element formulation, and the higher-strained (converted) particles are computed with a meshless-particle 
formulation that can handle severe distortions.  Furthermore, the meshless-particle algorithm (with MLS strain rates and 
weak-form forces) is consistent and does not exhibit tensile instabilities.  It is also well-suited for conversion of finite 
elements into variable-connectivity meshless particles because it does not require deletion of elements and addition of 
particles, as required with the existing GPA conversion algorithms [9,10].  Instead it is simply a branch point based on 
equivalent plastic strain.  The current formulation handles contact between particles in a manner similar to that used for the 
existing GPA algorithm [8], but structural contact (element on element) could be added in the future.  It is also well-suited 
for parallelization.   
     The CPEM is illustrated in Fig. 1, where a 2D axisymmetric cylinder impacts a rigid surface.  The black particles 
represent mass nodes, the red particles represent stress points that use a finite-element formulation, and the green particles 
represent converted  stress points that use a meshless-particle formulation (with MLS strain rates and weak-form forces).  
When the equivalent plastic strain in a red stress point exceeds ecrit the stress point is converted to a green stress point (that 
requires a meshless-particle algorithm).  A region of influence is shown for one of the green stress points, and it can be seen 
that it contains six mass nodes (also called neighbor nodes).  The velocities and positions of these neighbor nodes are used 
to determine the strain rates for the stress point, and these mass nodes accept nodal forces from the stresses in the stress 
point.  The influence of the mass nodes is inversely proportional to their distance from the stress point.   
Cylinder impact onto a rigid surface
mass nodes
stress points (red) for 
a fixed-connectivity 
finite-element formulation
stress points (green) for
a variable-connectivity
meshless-particle formulation
region of influence 
for stress point
 
Fig. 1.  Illustration of the Combined Particle-Element Method (CPEM) for a cylinder impacting a rigid surface. 
 
 
2.1 Initial mesh      
 
     After a finite element mesh has been generated, and the nodal masses have been determined, the diameters of the particle 
nodes must be computed.  These diameters are used for the volume and distance weighting factors, as well as the contact 
between different materials.  The initial particle diameters for plane-strain, axisymmetric and 3D geometries are as follows: 
 
                                                                                                                                                                       (1a) 
                
 
                                                                                                                                                               (1b)
                                                            
                                                                                                                                                                       (1c) 
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where is the nodal mass at node j, r0 is the initial density of the material and ri is the initial radial coordinate for the 
axisymmetric geometry.  This produces a range of particle diameters, especially at the surfaces of the mesh where the nodal 
masses are generally smaller than those of the interior nodes (because they have fewer elements attached to them).   Figure 2 
shows a simple plane-strain mesh, which has smaller particles on the edges and corners.  The mass nodes are the particles 
(with finite diameters) and the stress points (not shown) are at the centers of the elements. This approach requires the initial 
elements to be compact and to change size gradually throughout the initial mesh, as this insures a good distribution of 
neighbor nodes for the computation of the velocity gradients (strain rates) and shape-function gradients (forces).  Large 
stretching deformations will also cause a non-uniform distribution of nodes as shown in the lower portion of Figure 2, and 
this too will lead to accuracy and robustness problems.  Another potential problem with non-compact elements is that the 
particles may not contact one another at interfaces, resulting in serious cross-over between surfaces.  The requirement of 
compactness does not apply if that portion of the mesh is not converted and does not experience contact. 
2D quad elements 2D crossed-triangle 
elements
Problems with non-compact elements
 
Fig. 2.  Meshless-particle sizes for various element types and arrangements in 2D plane-strain geometry. 
 
     It can be seen from Fig. 2 that the particle nodes extend outside of the original finite element mesh.  This requires a small 
gap to be placed between different objects in the initial geometry.  Furthermore, the contact is handled within the particle 
algorithm, an
another.  This is a disadvantage of the CPEM when compared to the GPA conversion algorithm, because the conversion 
algorithm allows elements to slide smoothly along one another in an accurate manner (before they are converted).  On the 
other hand, it is an advantage of CPEM that it is not necessary to define all the surfaces and to need a complex 
contact/sliding algorithm.   
 
2.2  Strain rates and volumetric strain for the converted stress points 
 
     The strain rates for constant-stress elements are well known and are not included here.  For the particle formulation (after 
ecrit has been exceeded and the stress point has been converted) the strain rates and rotational rates are functions of the 
velocities of the neighboring mass nodes and the weighting attached to the mass nodes.  The weighting factors (Wij) are 
taken to be inversly proportional to the distance between the stress points and the mass nodes, with the influence distances 
usually extending to 1.5 - 2.0 diameters. 
 
     For 2D plane-strain geometry in the x-z plane, the velocities are expressed as a linear function of position, in the form 
 
                                                                                    =  + z                                                                              (2) 
 
                                                                                    =  + z                                                                              (3) 
 
This is the same expression as used for constant-strain triangular elements.  For the finite-element application there are 
exactly three nodes.  By substituting the x velocities ( , ) and positions ( , and , , ) of the three nodes 
into Eq. (2), it is possible to solve for the constants and . 
 
     For the MLS determination of the velocity field there must be at least three neighbor nodes, but generally there are more 
than three [18].  Here, the constants ( and  can be determined by a least-squares fit to the nodal data.  For each 
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stress point i the velocities ( positions ( ), and weighting factors (  of the (neighbor) mass nodes are used to 
determine the constants (  ) for the least squares fit.  A similar approach is used to determine and  in Eq. 
(3), for the velocities in the z direction, and it is straightforward to determine the velocity fields for 3D geometry. 
 
     After the constants have been determined for Eqs. (2) and (3), the normal strain rates ( ), the shear strain rate ( ), 
the rotation rate ( , the volumetric strain rate ( ), and the volumetric strain (  can be determined for stress point i. 
 
                                                                                          =  =                                                                                      (4) 
 
                                                                                           =  =                                                                                      (5)          
 
                                                                                 =                                                                         (6)          
 
                                                                                                                                         (7)           
   
                                                                                                                                                                           (8) 
 
                                                                                                                                                    (9)          
 
The volumetric strain is obtained by integrating the volumetric strain rate, where  is the integration time increment and 
the factor (1 + ) converts the incremental strain (  from the current configuration back to the initial configuration.  
The volumetric strain, , must be based on the initial volume for the pressure computation, where V is the 
current volume and   is the initial volume.  For the mass nodes it is not necessary to compute the strains, unless the 
material experiences significant volumetric strains that  affect the dimensionless distances to the neighbor (mass) nodes. 
 
2.3  Velocity and position update for the converted stress points 
 
     It is important for the stress points to have their velocities and positions updated in an accurate manner, or accuracy and 
robustness will be affected.  In the equations of motion, the positions of the stress points are updated based on the velocity 
from the previous cycle.  Because the massless stress points do not accept any forces, their velocities can only be altered in a 
manner consistent with the velocity changes of the neighboring mass nodes.  To illustrate, the updated velocity of a stress 
point in the x direction ( ) can be computed by substituting its x and z coordinates into Eq. (2).  Then, because it is 
necessary to have the positions be consistent with the velocities, the position of the stress point is also updated.  
 
                                                                                                               (10)          
 
     This is not an exact solution because the constants (  ) in Eq. (2) are dependent on the weighting factors ( ), 
which are dependent on the positions of the mass points.  Therefore, under some conditions it may be necessary to perform 
a limited number of iterations to accurately determine the updated velocities and positions of the stress points.       
 
2.4  Forces on the mass nodes from the stresses in the converted stress points 
 
     At each converted stress point i the contributions to the forces at neighboring nodes j are computed with a weak form 
formulation [17]. 
 
                                                                              =                                                                       (11) 
 
                                                                               =                                                                       (12) 
 
where  and are the x and z forces on (neighbor) mass node j due to the stresses (  ,  at stress point i,    is 
the shape function corresponding to mass node j,   and  are the spatial derivatives of  at stress point i, and  is the 
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volume of stress  point i.  This weak form formulation for the forces, together with the MLS formulation for the strain rates, 
provides a consistent formulation that is not subject to tensile instabilities.  
 
2.5  Bond viscosity 
 
     For finite elements an artificial viscosity is often used to reduce spatial pressure oscillations under shock loading.  This 
bulk artificial viscosity is typically dependent on the volumetric strain rate, and it is added to the pressure to obtain the mean 
stress.  It can be used both for element and particle algorithms.  For particle algorithms an artificial bond viscosity is often 
used it keep adjacent nodes from becoming too close to one another, and to control oscillations due to zero energy modes.  
Unfortunately, this bond viscosity can introduce artificial stiffness into the computations.  It can be used instead of the bulk 
artificial viscosity, or together with the bulk artificial viscosity.  An expanded discussion of these effects is provided by 
Johnson [18].  For the particle algorithm described here, the forces resulting from the bond viscosity cannot be 
straightforwardly obtained under the weak-form formulation, and are added instead with an SPH formulation [19]. 
 
2.6  Contact algorithm for the mass nodes 
 
     Contact occurs when there is overlap between mass nodes of different materials, (determined from the positions and 
current diameters of adjacent mass nodes).  Material-dependent springs and dashpots are implemented to provide resisting 
forces, with an algorithm identical to that of 
inaccuracies when two different materials are sliding on one another, but this algorithm avoids the complex contact/sliding 
algorithm associated with contact surfaces, and it also is very robust.  Additional development could add a sliding option 
(without bumps) for the unconverted stress points (elements), similar to that used for the GPA conversion algorithms [9,10]. 
 
2.7 Courant condition for the integration time increment 
 
     The integration time increment must be controlled to provide for stable computations.  The Courant condition requires 
that it be small enough to limit the distance ( ) travelled at the sound velocity of the material ( ), to be less than a 
characteristic distance of the element, or the spacing of particles.  For CPEM, the sound velocities of the stress points are 
transferred to the mass nodes, and the distance between mass nodes is taken as the characteristic distance.  The effect of 
artificial viscosity also tends to decrease . 
      
3.  Example computations  
 
     In the following four examples, results are shown for the element algorithm only, the particle algorithm only, and the 
Combined Particle-Element Method (CPEM).  Figures 3 and 4 show the results of the three computations for two plane-
strain slabs of water impacting one another at 300 m/s, where the initial geometry is generated with 2D quad elements.  At 
200 μs the relief wave has not yet reached the centerline and all three results are close to the correct 1D solution [8].  The 
element solution has a slightly sharper wave front than does the particle solution, and this is because the stress points in the 
particle solution have contributing neighbors (mass nodes) that extend to greater distances than do the four mass nodes in 
the element algorithm.  For the CPEM result the conversion of elements to particles is made at an equivalent strain of   ecrit 
= 0.04, which is about half of that which exists in the fully shocked region.  Therefore, the conversion always occurs on the 
leading edge of the shock wave.  The pressure contours in Fig. 4 are drawn with colored circles at the location of the stress 
points, and they are in good agreement with one another. 
The next example is shown in Fig. 5 where the three different computations of two solid materials (rectangular-shaped in 
plane-strain geometry) impact one another at equal and opposite velocities.  Each of the materials has an initial length of   
 = 6.0 cm, a width of  = 4.0 cm and impact velocities of  = 200 m/s.  This is equivalent to a single material 
impacting a rigid surface (to which it is attached), but the dual-impact configuration is used because it does not introduce 
errors associated with reflective boundaries.  Both materials are Armco iron and are represented by the Johnson-Cook 
constitutive model [20].  The computations provide deformed shapes, plastic strain distributions, normalized deformed 
lengths ( ), and normalized deformed widths ( ).  There is excellent agreement between the element 
and particle algorithms, but the CPEM result shows more noise in the plastic strain distributions.  Apparently, when the 
conversion is made from the compact element algorithm (with four mass nodes) to the particle algorithm with a greater 
influence distance and more nodes, some oscillations are introduced.  Additional work is required to understand and correct 
this apparent problem.  For the CPEM computation the conversion strain is = 0.3, which means that the gray (CPEM) 
stress points in Fig. 5 have not converted, but the red, green and blue stress points have converted. 
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Fig. 3.  Initial conditions and centerline pressures (left to right) for two plane-strain slabs of water impacting at 300 m/s. 
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Fig. 4.  Pressure contours for the water-impact problem. 
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Fig. 5.  Results of dual impact computations for the three different approaches. 
 
     In Fig. 6 a plane strain slab of Armco iron is subjected to an initial (stretching) velocity gradient ( ) that 
introduces tensile stresses.  The initial conditions are shown on the left, and the final plastic strain distributions are shown 
on the right for the three computations (elements, particles, CPEM).  The tensile fields have been accurately represented 
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without the introduction of tensile instabilities, although much larger stretching strains would cause the algorithm to fail if 
the nodal spacing exceeded the influence distances. Again, there is good agreement between the element and particle 
algorithms, but the CPEM result shows more noise in the plastic strain distributions.  For the CPEM computation the 
conversion strain is = 0.3, which means that the gray, purple and blue (CPEM) stress points have not converted, but the 
green, yellow and pink stress points have converted. 
Final plastic strains (150 s)Initial conditions
particleselements CPEM
0.1
0.2
0.3
0.4
0.5
plastic 
strain
300 m/s
300 m/s
iron 12 cm
 
 
Fig. 6.  Results of tensile stretching computations for the three different approaches. 
 
     The final example is shown in Figs. 7 and 8, and it involves a steel projectile impacting a steel target at 2000 m/s (in 
plane strain geometry).  For the element algorithm the stress points are failed (discarded) at an equivalent strain of = 1.5 
such that they cannot produce any stresses (in a manner similar to the erosion of finite element elements), and for CPEM 
= 0.3   For all three computations the contact is handled with the GPA contact algorithm [8] which is based on the 
concept of contact between mass nodes (resisted by material-dependent springs and dashpots), rather than that of surfaces.  
The contact is simply a part of the neighbor interactions and does not require a separate data structure or contact 
subroutines. 
     Figure 7 shows mass nodes identified by material, and Fig. 8 shows equivalent strains at the stress points.  For the 
element computation in Fig. 8 there appears to be less material with plastic strains exceeding 1.5, but that is because the 
stress points have been discarded for these high strains (and this is an inaccuracy that is introduced into the computation).  
Again, the particle computation requires significantly more computer time, and the CPEM requires less because a smaller 
portion of the problem uses the particle algorithm.  These computations ignored the volumetric strains in the mass nodes as 
the metals exhibit small volumetric strains.  For other materials, such as expanding explosives or crushable concrete, it is 
necessary to compute the volumetric strains of the mass nodes.  This also increases the computing time. 
A significant issue associated with this approach is that of robustness, because a stress point must always have a good set 
of neighbor mass nodes.  It is obvious from the computed results in Figs. 7 and 8 that this condition is not always satisfied, 
as the nodes (both stress points and mass nodes) are allowed to separate from the intact material and to move away from the 
other nodes.  When this occurs the stress points must be discarded, as meaningful strain rates and forces can no longer be 
computed.  For the examples included here some simple tests have been performed to determine when this occurs, and the 
stress points have been discarded.  More work is required, however, to insure that this detection can be made in a reliable 
manner such that the computations are always robust and will not fail. 
 
4. Summary and conclusions 
 
     A new computational approach has been developed that can be run as elements only, particles only, or combined 
elements and particles.  It is based on mass nodes and stress points, it uses an MLS approach to compute strain rates and a 
weak-form formulation to compute forces, the contact occurs between the nodes and does not require predetermined 
surfaces, it is consistent and not subject to tensile instabilities, and it shows good promise for the examples run to date.  
More work is required to evaluate the effects of boundary and interface conditions, and to insure robustness for problems 
involving high distortions with material separation. 
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Fig. 7.  Tool steel projectile impacting a 4340 steel target at 2000 m/s. 
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Fig. 8.  Equivalent plastic strain distributions for the three different computations. 
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